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Why study relatedness?

Human genetics is
fascinating!

Genetic Association
Studies confounded
by relatedness

Heritability of
complex traits

Animal and plant
breeding
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Single Nucleotide Polymorphism (SNP) data

⇒

Genotype xij
CC 0
CT 1
TT 2

⇒

Individuals
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0 2 2 1 1 0 1
0 2 1 0 1
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Hardy-Weinberg Equillibrium (HWE): Binomial draws

xij = genotype at locus i for individual j .

pi = frequency of reference allele at locus i .

Under HWE:

Pr(xij = 2) = p2i ,

Pr(xij = 1) = 2pi (1− pi) ,

Pr(xij = 0) = (1− pi)
2 .

HWE not valid under population structure!
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Goal: measure dependence structure of genotype matrix columns

Individuals
Lo

ci
0 2 2 1 1 0 1
0 2 1 0 1
2 ...

X

High-dimensional binomial data

Relatedness / Population structure
⇒ dependence between individuals (columns)

Linkage disequilibrium
⇒ dependence between loci (rows)
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The kinship coefficient for parent-child: 1
4
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The kinship coefficient for siblings: 1
4 on average

Visscher et al. (2006)
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The inbreeding coefficient in populations

Measurements relative
to a reference pop.:

Inbreeding = 0 in the
local population

Inbreeding ≥ 0 relative
to a distant ancestral
population

Better measured using
covariance
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Model parameters
IBD: “Identical By Descent” (given implicit ancestral pop. T ) — shared coin flips

fj : Inbreeding coefficient
Pr. that the two alleles at a random locus of individual j are IBD

Var(xij) = 2pi (1− pi) (1 + fj)

ϕjk : Kinship coefficient
Pr. that two alleles, one at random from each of individuals j and k , at one
random locus are IBD

Cov(xij , xik) = 4pi (1− pi)ϕjk

FST: Fixation index
Pr. that two random alleles in a subpopulation at a random locus are IBD
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Existing approaches

1. FST estimation
I For independent subpopulations only!
I Weir-Cockerham (WC) estimator (1984) — 15K citations!
I “Hudson” pairwise estimator (2013) tweaks WC
I BayeScan (2008) — 1.2K citations

2. Kinship estimation
I “Standard” kinship estimator (1950s)

I Used by most genetic association approaches that control for population
structure (PCA, LMM, adj. χ2; top paper 6K citations)

I GCTA heritability estimation (2 papers: 4K citations)
I Our novel finding: accuracy requires unstructured population

(a minority of closely-related individuals)
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Theoretical results: new kinship estimator!
xij ∈ {0, 1, 2} : Genotype at locus i of individual j .

Model:

E[xij ] = 2pi , Cov(xij , xik) = 4pi (1− pi)ϕjk .

Standard estimator is biased:

p̂i =
1
2n

n∑
j=1

xij , ϕ̂std
jk =

m∑
i=1

(xij − 2p̂i) (xik − 2p̂i)

4
m∑
i=1

p̂i (1− p̂i)

a.s.−−−→
m→∞

ϕjk − ϕ̄j − ϕ̄k + ϕ̄

1− ϕ̄
.

popkin: first unbiased kinship estimator! — R package on CRAN

Ajk =
1
m

m∑
i=1

(xij − 1)(xik − 1)− 1, Amin = min
u 6=v

1
|Su||Sv |

∑
j∈Su

∑
k∈Sv

Ajk ,

ϕ̂new
jk = 1− Ajk

Amin

a.s.−−−→
m→∞

ϕjk .
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Dataset: Human Origins

●
●

●
●
●

●●

●

●
●●

●
●

●

●

●
●

●
●

●
●

●
●

●

●●●

●

●

●●

●

●

●
●

●

●
●

●
●●

●
● ●

● ●

● ●

●

●
●●

●
●

●●
● ●

●●
●

●

●
●
●

●
●

●
●

●

●

●●

●

●●

●
●

● ●
●

●

●
●

●

●

●

●
●

●
●●

●

●●●
●
●
●
●●

●

● ●●

●
●●

●●●
●

●
●
●

●
●●

●

●
●●

●

●
●
●

●

●

●●

●

●

●

●
●●

●

●

● ●

●

●
●

●
●

●

●
●

● ●

●

●
●

● ●
●

●

●●

●
●

●●

●

●
●●

●

●
●

●

●

●

●
●
●●

● ●
● ●

●

●
●

●●

●

● ●●

●

●
● ●●

●

●
●

●

●
●●

●
●

●

●

●
●

●

●

●
●

●
●

●

●
●

●
●

●
●●● ●

●●●

●
●

●

● ●

●
●

●
●

●
●

●

●

●

●

●

Ju_hoan_South

Ju_hoan_North

Taa_West

Taa_East

Taa_North

Naro
Gui

Hoan

Xuun

Gana
Tshwa

Khomani

Nama

Haiom

Kgalagadi

Shua

Khwe

Mbuti

Biaka

BantuSA

Tswana

Damara

Himba

Wambo

Yoruba
Esan

Mende

BantuKenya

Luhya

Mandenka
Gambian

Luo

Dinka

Kikuyu

Hadza

Sandawe

Masai

Datog

Somali

OromoJew_Ethiopian

Saharawi

Moroccan
Mozabite

Algerian Tunisian

Libyan Egyptian

Yemeni

Jew_Libyan

Jew_Tunisian
Jew_Moroccan

Jew_Yemenite

Saudi

BedouinBBedouinA

Palestinian
Jordanian

Syrian
Lebanese_Muslim

Lebanese_Christian

Jew_Turkish

Assyrian

Druze

Lebanese

Jew_iraqi

Iranian_Bandari

Iranian

Jew_Iranian

Turkish

Jew_Ashkenazi

Cypriot
Maltese

Canary_Islander

Italian_South
Sicilian

Romanian

FrenchN

SpanishSW Greek

Italian_North

SpanishNE

FrenchS

Sardinian

Basque

Orcadian

English

Icelandic

Norwegian

Irish

Irish_UlsterScottish

Shetlandic

German
Sorb

Polish

Czech

Croatian

Hungarian

Albanian
Bulgarian

Mordovian

Finnish
Russian

Estonian

Ukrainian

Belarusian
Lithuanian

Armenian

Jew_GeorgianGeorgian

Abkhasian

Adygei

North_Ossetian

Chechen

Lezgin

Kumyk
Balkar

Nogai

Makrani

Brahui
Balochi

Jew_Cochin

Tajik

Kalash

Pathan

Sindhi

Burusho

Brahmin_Tiwari
Gujarati

Punjabi

Vishwabrahmin

Lodhi

Mala

Bengali
Kharia

Onge

Chuvash

Turkmen Uzbek

Hazara

Uygur

Tubalar

Mansi

Selkup

Kyrgyz

Altaian

Tuvinian

Nganasan

Dolgan

Yakut

Xibo

Hezhen

Oroqen
Ulchi

Even

Yukagir

Itelmen
Koryak

Chukchi

Eskimo

Aleut
Aleut_Tlingit

Kusunda

Burmese

Cambodian
Thai

Kalmyk

Ami

Atayal

Malay

Kinh

Vietnamese

Dai

Lahu

Naxi
Yi

Tujia
Han

Miao
She

Tu

Mongola

Daur

JapaneseKorean

Chipewyan

Cree
Algonquin

Ojibwa

Pima

Mixe

Mixtec

Zapotec

Mayan

Inga

Kaqchikel

Cabecar

Piapoco

Karitiana

Surui

Bolivian

Aymara

Quechua

Guarani

Chilote

Australian

Nasoi

Papuan

Ata

Baining_Malasait

Baining_Marabu

Bajo

Buka

Dusun

Ilocano

Kankanaey

Kol_New_Britain

Kove

Kuot_Kabil

Kuot_LamalauaLavongai
Lebbo Madak

MamusiMamusi_Paleabu

Mangseng

Manus

Melamela

Mengen

Murut Mussau

Nakanai_Bileki

Nakanai_Loso

Nailik

Notsi

Saposa

Sulka

Tagalog

Teop

Tigak

Tolai

Visayan

Subpopulations

SAfrica
MAfrica
NAfrica
MiddleEast
Europe
Caucasus
SAsia
NAsia
EAsia
Americas
Oceania

2,922 indivs. from 244 locs. — 593,124 loci — SNP chip
Lazaridis et al. (2014), (2016); Skoglund et al. (2016)

12 / 40



Ju
_h

oa
n_

S
ou

th
Ju

_h
oa

n_
N

or
th

Ta
a_

W
es

t
Ta

a_
E

as
t

Ta
a_

N
or

th
N

ar
o

G
ui

H
oa

n
X

uu
n

G
an

a
T

sh
w

a
K

ho
m

an
i

N
am

a
H

ai
om

K
ga

la
ga

di
S

hu
a

K
hw

e
M

bu
ti

B
ia

ka
B

an
tu

S
A

T
sw

an
a

D
am

ar
a

H
im

ba
W

am
bo

Yo
ru

ba
E

sa
n

M
en

de
B

an
tu

K
en

ya
Lu

hy
a

M
an

de
nk

a
G

am
bi

an Lu
o

D
in

ka
K

ik
uy

u
H

ad
za

S
an

da
w

e
M

as
ai

D
at

og
S

om
al

i
O

ro
m

o
Je

w
_E

th
io

pi
an

S
ah

ar
aw

i
M

or
oc

ca
n

M
oz

ab
ite

A
lg

er
ia

n
Tu

ni
si

an
Li

by
an

E
gy

pt
ia

n
Ye

m
en

i
Je

w
_L

ib
ya

n
Je

w
_T

un
is

ia
n

Je
w

_M
or

oc
ca

n
Je

w
_Y

em
en

ite
S

au
di

B
ed

ou
in

B
B

ed
ou

in
A

P
al

es
tin

ia
n

Jo
rd

an
ia

n
S

yr
ia

n
Le

ba
ne

se
_M

us
lim

Le
ba

ne
se

_C
hr

is
tia

n
Je

w
_T

ur
ki

sh
A

ss
yr

ia
n

D
ru

ze
Le

ba
ne

se
Je

w
_i

ra
qi

Ir
an

ia
n_

B
an

da
ri

Ir
an

ia
n

Je
w

_I
ra

ni
an

Tu
rk

is
h

Je
w

_A
sh

ke
na

zi
C

yp
rio

t
M

al
te

se
C

an
ar

y_
Is

la
nd

er
Ita

lia
n_

S
ou

th
S

ic
ili

an
R

om
an

ia
n

F
re

nc
hN

S
pa

ni
sh

S
W

G
re

ek
Ita

lia
n_

N
or

th
S

pa
ni

sh
N

E
F

re
nc

hS
S

ar
di

ni
an

B
as

qu
e

O
rc

ad
ia

n
E

ng
lis

h
Ic

el
an

di
c

N
or

w
eg

ia
n

Ir
is

h
Ir

is
h_

U
ls

te
r

S
co

tti
sh

S
he

tla
nd

ic
G

er
m

an
S

or
b

P
ol

is
h

C
ze

ch
C

ro
at

ia
n

H
un

ga
ria

n
A

lb
an

ia
n

B
ul

ga
ria

n
M

or
do

vi
an

F
in

ni
sh

R
us

si
an

E
st

on
ia

n
U

kr
ai

ni
an

B
el

ar
us

ia
n

Li
th

ua
ni

an
A

rm
en

ia
n

Je
w

_G
eo

rg
ia

n
G

eo
rg

ia
n

A
bk

ha
si

an
A

dy
ge

i
N

or
th

_O
ss

et
ia

n
C

he
ch

en
Le

zg
in

K
um

yk
B

al
ka

r
N

og
ai

M
ak

ra
ni

B
ra

hu
i

B
al

oc
hi

Je
w

_C
oc

hi
n

Ta
jik

K
al

as
h

P
at

ha
n

S
in

dh
i

B
ur

us
ho

B
ra

hm
in

_T
iw

ar
i

G
uj

ar
at

i
P

un
ja

bi
V

is
hw

ab
ra

hm
in

Lo
dh

i
M

al
a

B
en

ga
li

K
ha

ria
O

ng
e

C
hu

va
sh

Tu
rk

m
en

U
zb

ek
H

az
ar

a
U

yg
ur

Tu
ba

la
r

M
an

si
S

el
ku

p
K

yr
gy

z
A

lta
ia

n
Tu

vi
ni

an
N

ga
na

sa
n

D
ol

ga
n

Ya
ku

t
X

ib
o

H
ez

he
n

O
ro

qe
n

U
lc

hi
E

ve
n

Yu
ka

gi
r

Ite
lm

en
K

or
ya

k
C

hu
kc

hi
E

sk
im

o
A

le
ut

A
le

ut
_T

lin
gi

t
K

us
un

da
K

al
m

yk
B

ur
m

es
e

C
am

bo
di

an
T

ha
i

Tu
M

on
go

la
D

au
r

K
in

h
V

ie
tn

am
es

e
D

ai
La

hu
N

ax
i

Y
i

Tu
jia

H
an

M
ia

o
S

he
Ja

pa
ne

se
K

or
ea

n
A

m
i

A
ta

ya
l

K
an

ka
na

ey
M

ur
ut

D
us

un
Ilo

ca
no

Ta
ga

lo
g

V
is

ay
an

B
aj

o
M

al
ay

Le
bb

o
C

hi
pe

w
ya

n
C

re
e

A
lg

on
qu

in
O

jib
w

a
P

im
a

M
ix

e
M

ix
te

c
Z

ap
ot

ec
M

ay
an

In
ga

K
aq

ch
ik

el
C

ab
ec

ar
P

ia
po

co
K

ar
iti

an
a

S
ur

ui
B

ol
iv

ia
n

A
ym

ar
a

Q
ue

ch
ua

G
ua

ra
ni

C
hi

lo
te

M
us

sa
u

S
ap

os
a

B
uk

a
Te

op
T

ig
ak

A
us

tr
al

ia
n

K
ov

e
M

el
am

el
a

N
ak

an
ai

_B
ile

ki
M

an
gs

en
g

M
an

us
N

as
oi

N
ai

lik
N

ot
si

S
W

_B
ou

ga
in

vi
lle

K
uo

t_
K

ab
il

K
uo

t_
La

m
al

au
a

La
vo

ng
ai

M
ad

ak
To

la
i

M
en

ge
n

M
am

us
i

M
am

us
i_

P
al

ea
bu

N
ak

an
ai

_L
os

o
A

ta
S

ul
ka

K
ol

_N
ew

_B
rit

ai
n

B
ai

ni
ng

_M
al

as
ai

t
B

ai
ni

ng
_M

ar
ab

u
P

ap
ua

n

Ju_hoan_South
Ju_hoan_North

Taa_West
Taa_East

Taa_North
Naro

Gui
Hoan
Xuun
Gana

Tshwa
Khomani

Nama
Haiom

Kgalagadi
Shua
Khwe
Mbuti
Biaka

BantuSA
Tswana
Damara

Himba
Wambo
Yoruba

Esan
Mende

BantuKenya
Luhya

Mandenka
Gambian

Luo
Dinka

Kikuyu
Hadza

Sandawe
Masai
Datog

Somali
Oromo

Jew_Ethiopian
Saharawi

Moroccan
Mozabite
Algerian
Tunisian

Libyan
Egyptian

Yemeni
Jew_Libyan

Jew_Tunisian
Jew_Moroccan
Jew_Yemenite

Saudi
BedouinB
BedouinA

Palestinian
Jordanian

Syrian
Lebanese_Muslim

Lebanese_Christian
Jew_Turkish

Assyrian
Druze

Lebanese
Jew_iraqi

Iranian_Bandari
Iranian

Jew_Iranian
Turkish

Jew_Ashkenazi
Cypriot
Maltese

Canary_Islander
Italian_South

Sicilian
Romanian

FrenchN
SpanishSW

Greek
Italian_North

SpanishNE
FrenchS

Sardinian
Basque

Orcadian
English

Icelandic
Norwegian

Irish
Irish_Ulster

Scottish
Shetlandic

German
Sorb

Polish
Czech

Croatian
Hungarian

Albanian
Bulgarian

Mordovian
Finnish

Russian
Estonian

Ukrainian
Belarusian
Lithuanian
Armenian

Jew_Georgian
Georgian

Abkhasian
Adygei

North_Ossetian
Chechen

Lezgin
Kumyk
Balkar
Nogai

Makrani
Brahui

Balochi
Jew_Cochin

Tajik
Kalash
Pathan
Sindhi

Burusho
Brahmin_Tiwari

Gujarati
Punjabi

Vishwabrahmin
Lodhi
Mala

Bengali
Kharia
Onge

Chuvash
Turkmen

Uzbek
Hazara
Uygur

Tubalar
Mansi

Selkup
Kyrgyz
Altaian

Tuvinian
Nganasan

Dolgan
Yakut
Xibo

Hezhen
Oroqen

Ulchi
Even

Yukagir
Itelmen
Koryak

Chukchi
Eskimo

Aleut
Aleut_Tlingit

Kusunda
Kalmyk

Burmese
Cambodian

Thai
Tu

Mongola
Daur
Kinh

Vietnamese
Dai

Lahu
Naxi

Yi
Tujia
Han

Miao
She

Japanese
Korean

Ami
Atayal

Kankanaey
Murut

Dusun
Ilocano
Tagalog
Visayan

Bajo
Malay
Lebbo

Chipewyan
Cree

Algonquin
Ojibwa

Pima
Mixe

Mixtec
Zapotec

Mayan
Inga

Kaqchikel
Cabecar
Piapoco

Karitiana
Surui

Bolivian
Aymara

Quechua
Guarani
Chilote

Mussau
Saposa

Buka
Teop

Tigak
Australian

Kove
Melamela

Nakanai_Bileki
Mangseng

Manus
Nasoi
Nailik
Notsi

SW_Bougainville
Kuot_Kabil

Kuot_Lamalaua
Lavongai

Madak
Tolai

Mengen
Mamusi

Mamusi_Paleabu
Nakanai_Loso

Ata
Sulka

Kol_New_Britain
Baining_Malasait
Baining_Marabu

Papuan

SAfrica MAfrica NAfrica MiddleEast Europe Caucasus SAsia NAsia EAsia Americas Oceania

S
A

fr
ic

a
M

A
fr

ic
a

N
A

fr
ic

a
M

id
dl

eE
as

t
E

ur
op

e
C

au
ca

su
s

S
A

si
a

N
A

si
a

E
A

si
a

A
m

er
ic

as
O

ce
an

ia

0
0.

1
0.

2
0.

3

K
in

sh
ip

In
di

vi
du

al
s

Our new kinship
estimates
Genotypes from “Human Origins”
(Lazaridis et al. 2014, 2016;
Skoglund et al. 2016)

Edited from Ephert [CC BY-SA 3.0], via
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Edited from Ephert [CC BY-SA 3.0], via
Wikimedia Commons

14 / 40



Only our new estimator is accurate in simulations

    True KinshipA     New estimateB     Standard est.C
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Population-level inbreeding increases with distance from Africa
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Differentiation (FST) previously underestimated
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Only our new method estimates generalized FST accurately
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Recently-admixed populations

African-Americans

Baharian et al. (2016)

Hispanics

Moreno-Estrada et al. (2013)
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Admixed siblings from different subpopulations?

Lucy and Maria, UK

Ochoa brothers, MX

High Admixture LD:

Moreno-Estrada et al. (2013)

Solution: treat every individual as their own subpopulation!
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Dataset: 1000 Genomes Project (2013)
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2,504 indivs. from 26 locs. — 20,417,698 loci (asc. in YRI) — WGS trios, etc.
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R popkin implementation: fast and low memory usage!
Estimator:

Ajk =
1
m

m∑
i=1

(xij − 1)(xik − 1)− 1, ϕ̂new
jk = 1− Ajk

Amin
.

Fastest: matrix product (R vectorizes)

A =
1
m

(X− 1)ᵀ (X− 1)− 1.

Problem: R consumes too much memory.
Solution:
I Compute mA in parts (it’s a running sum), max memory is controlled
I Further problems: missing genotypes, excessive matrix copying

(solved using RcppEigen)
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Comparison of population structures in simulation
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FST in the independent subpopulation model

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

0.
3

0.
5

A
lle

le
 fr

eq
ue

nc
y

Illustration.

FST =
Var
(
pSi
)

pi (1− pi)
.

Here FST relates to proportion of variance explained by pop. structure
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Wright’s FST
T = Total, S = Subpopulation, I = Individual.

Total inbreeding: FIT =
1
|S |
∑
j∈S

fj ,

Local inbreeding: FIS =
1
|S |
∑
j∈S

f Sj ,

Structural inbreeding: FST =
FIT − FIS
1− FIS

.

(1− FIT) = (1− FIS) (1− FST)
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Our generalized FST
Need new “local” subpopulations Lj (separates total from local inbreeding):

(1− fj) =
(
1− f

Lj
j

) (
1− fLj

)
.

Generalized FST: applicable to arbitrary population structures, equals previous
definition for subpopulations:

FST =
n∑

j=1

wj fLj .

Mean heterozygosity in a structured population:

H̄i =
1
n

n∑
j=1

Pr(xij = 1) = 2pi (1− pi) (1− FST) .
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FST measures population structure / differentiation

●
●

●

●●

●

●
●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●●

●
●

●
●● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●● ●

●

●

●

●

●●

●

●

●

●●

●

●
●

●

●

●

●
●

●

●

● ●

● ● ●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●● ●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

0.
1

0.
3

0.
5

A
lle

le
 fr

eq
ue

nc
y

Median diff. SNP in Human Origins (rs2650044; given MAF ≥ 10%).

F̂WC
ST ≈ 0.0961 using Weir-Cockerham estimator and K = 244.
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Comparison of population structures in simulation
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Our admixture simulation (R package bnpsd on CRAN)
Intermediate subpop. diff.
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Kinship model for genotypes

symbol meaning
i locus index

j , k individual indexes
pi ref allele frequency
xij genotype (num ref alleles)
ϕjk kinship of j , k
fj inbreeding of j

Statistical model:

E[xij |T ] = 2pi ,
Var(xij |T ) = 2pi (1− pi) (1 + fj),

Cov(xij , xik |T ) = 4pi (1− pi)ϕjk ,

ϕjj =
1 + fj
2

.

(Wright 1921, 1951; Malécot 1948; Jacquard 1970).
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Problem: common estimators not consistent under structure

Estimate of ancestral allele frequency:

p̂i =
1
2

n∑
j=1

wjxij

Variance asymptotically > 0 under population structure:

Var (p̂i) = pi (1− pi) ϕ̄

(For indep. individuals: ϕ̄ = 1
2n .

⇒ neff ≈ 6 indep. haplotypes in Human Origins!)

Naive estimators that use p̂i (next) are not consistent!
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Bias in standard kinship estimator

ϕ̂std
jk =

m∑
i=1

(xij − 2p̂i) (xik − 2p̂i)

4
m∑
i=1

p̂i (1− p̂i)
, p̂i =

1
2

n∑
j=1

wjxij .

Bias varies by j , k :

ϕ̂std
jk

a.s.−−−→
m→∞

ϕjk − ϕ̄j − ϕ̄k + ϕ̄

1− ϕ̄
.

   True KinshipA    New estimateB    Standard estimateC    Limit of standardD
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Our new estimator (R package popkin on CRAN)
Step 1: estimates kinship scaled by nuisance v (function of all pi)

Ajk =
1
m

m∑
i=1

(xij − 1)(xik − 1)− 1, E [Ajk ] = (ϕjk − 1)v

Step 2: Estimate minimum, unbias “step 1” estimates

If E[Amin] = −v , then ϕ̂new
jk = 1− Ajk

Amin

a.s.−−−→
m→∞

ϕjk .

Practical estimator: average within most extreme subpopulations

Amin = min
u 6=v

1
|Su||Sv |

∑
j∈Su

∑
k∈Sv

Ajk .

This yields consistent f̂ newj , F̂ new
ST estimators!
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Performance of new estimator

   True KinshipA    New estimateB    Standard estimateC    Limit of standardD
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Bias in FST estimators for independent subpopulations
Previous estimator for n subpopulations, simplified for known AFs (πij):

F̂ indep
ST =

m∑
i=1

σ̂2i

m∑
i=1

p̂i (1− p̂i) + 1
n
σ̂2i

,

p̂i =
1
n

n∑
j=1

πij , σ̂2i =
1

n − 1

n∑
j=1

(πij − p̂i)
2 .

Estimator is biased in dependent subpopulations:

F̂ indep
ST

a.s.−−−→
m→∞

FST − 1
n−1

(
nθ̄ − FST

)
1− 1

n−1

(
nθ̄ − FST

) .
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Only our new method estimates generalized FST accurately
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The future: improved kinship has repercussions across genetics!

Accurate and
efficient estimation,
Ancestry

Association
studies,
Selection tests

Heritability of
complex traits

Animal and plant
breeding
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Method-of-moments derivation of new estimator (1/3)

Compute raw moments:

E[xij ] = 2pi ,
E[xijxik ] = E[xij ] E[xik ] + Cov(xijxik)

= 4p2i + 4pi (1− pi)ϕjk .

For symmetry, raw moments of 2− xij (counting other allele):

E[2− xij ] = 2 (1− pi) ,

E [(2− xij)(2− xik)] = 4 (1− pi)
2 + 4pi (1− pi)ϕjk .

Resist the temptation to solve for pi !
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Method-of-moments derivation of new estimator (2/3)

E[xijxik ] = 4p2i + 4pi (1− pi)ϕjk ,

E [(2− xij)(2− xik)] = 4 (1− pi)
2 + 4pi (1− pi)ϕjk .

Let’s average second moments. First note:

1
2

(xijxik + (2− xij)(2− xik)) = (1− xij)(1− xik) + 1,

1
2

(
p2i + (1− pi)

2
)

=
1
2
− pi (1− pi) .

Therefore, the symmetric estimator is

E [(1− xij)(1− xik) + 1] = 2 + 4pi (1− pi) (ϕjk − 1) ⇒
E [(1− xij)(1− xik)− 1] = 4pi (1− pi) (ϕjk − 1) .
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Method-of-moments derivation of new estimator (3/3)

E [(1− xij)(1− xik)− 1] = 4pi (1− pi) (ϕjk − 1) .

Average across loci to reduce variance

Ajk =
1
m

m∑
i=1

(xij − 1)(xik − 1)− 1,

E [Ajk ] = (ϕjk − 1) v ,

v =
4
m

m∑
i=1

pi (1− pi) .

A good estimate of the minimum value yields ϕjk :

If E[Amin] = −v , then ϕ̂new
jk = 1− Ajk

Amin

a.s.−−−→
m→∞

ϕjk .
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Derivation of kinship model

Here treat xij , xik ∈ {0, 1} as haplotypes. Joint distribution:

Independent Full IBD Partial IBD
Pr(xij = 1, xik = 1) p2i pi (1− ϕjk) p2i + ϕjkpi
Pr(xij = 1, xik = 0) pi (1− pi)

2 0 (1− ϕjk) pi (1− pi)
2

Pr(xij = 0, xik = 1) pi (1− pi)
2 0 (1− ϕjk) pi (1− pi)

2

Pr(xij = 0, xik = 0) (1− pi)
2 1− pi (1− ϕjk) (1− pi)

2 + ϕjk (1− pi)

Kinship model: mixture of (Independent, Full IBD), weights (1− ϕjk , ϕjk).
This follows:

E[xij ] = E[xik ] = pi , Cov(xij , xik) = pi (1− pi)ϕjk .
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Admixture models
qju: ancestry proportion
pSui : AF in subpopulation Su

fSu : FST of Su

Draw alleles from a mixture of populations:

πij =
K∑

u=1

pSui qju.

If subpopulations are independent,

θjk =
K∑

u=1

qjuqkufSu , FST =
n∑

j=1

K∑
u=1

wjq
2
jufSu .
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