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Relatedness and differentiation

in arbitrary population structures
Alejandro Ochoa, StatGen Center, Duke University
with John D. Storey, Princeton University
W DrAlexOchoa # ochoalab.github.io & alejandro.ochoa®@duke.edu
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Why study relatedness?

Human genetics is
fascinating!
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Why study relatedness?

’ L Genetic Association
chggad Studies confounded
by relatedness

Human genetics is
fascinating!

Animal and plant
breeding

Heritability of
complex traits
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Single Nucleotide Polymorphism (SNP) data
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Single Nucleotide Polymorphism (SNP) data

Genotype  x;

CC 0

= cT 1
TT 2
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Single Nucleotide Polymorphism (SNP) data

Individuals
0221101
02101
2 ..
Genotype  x;
CC 0 ‘G
= cT 1 = 39
TT 2
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Hardy-Weinberg Equillibrium (HWE): Binomial draws

x;j = genotype at locus 7 for individual j.

p; = frequency of reference allele at locus /.
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Hardy-Weinberg Equillibrium (HWE): Binomial draws

x;j = genotype at locus 7 for individual j.
p; = frequency of reference allele at locus /.

Under HWE:

Pr(x;j = 2) = pizv
Pr(Xij — ]_) = 2p, (1 - P:) )
Pr(x; = 0) = (1 - pi)°.

HWE not valid under population structure!
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Goal: measure dependence structure of genotype matrix columns

Loci

Individuals
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High-dimensional binomial data
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Goal: measure dependence structure of genotype matrix columns

Individuals

0221101
02101
2.

Loci

High-dimensional binomial data

Relatedness / Population structure
= dependence between individuals (columns)

Linkage disequilibrium
= dependence between loci (rows)
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The kinship coefficient for siblings:

il

5

o O

oo

1
7 Oon average

7/40



The kinship coefficient for siblings:

il

5

o O

1
7 Oon average

7/40



[y

The kinship coefficient for siblings: ; on average

N

o
T T T T
3 5 060

040 065

0. o s
Actual Relationship

5—u
IJ; Visscher et al. (2006)
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The inbreeding coefficient in populations
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The inbreeding coefficient in populations

Measurements relative
D O to a reference pop.:
1
!
!

Inbreeding = 0 in the
local population

T Inbreeding > 0 relative
to a distant ancestral
4|:| population
Better measured using
covariance

8/40
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Model parameters
IBD: “Identical By Descent” (given implicit ancestral pop. T) — shared coin flips
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Pr. that the two alleles at a random locus of individual j are IBD

Var(x;) = 2p; (1 — p;) (1 + 1))
vjx: Kinship coefficient
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Model parameters
IBD: “Identical By Descent” (given implicit ancestral pop. T) — shared coin flips

fi: Inbreeding coefficient
Pr. that the two alleles at a random locus of individual j are IBD

Var(x;) = 2p; (1 — pi) (1 + £)

vjx: Kinship coefficient
Pr. that two alleles, one at random from each of individuals j and k, at one
random locus are IBD

Cov(xi, xik) = 4pi (1 — pi) pjx

Fst: Fixation index
Pr. that two random alleles in a subpopulation at a random locus are IBD

9/40



Existing approaches

1. Fst estimation

» For independent subpopulations only!

» Weir-Cockerham (WC) estimator (1984) — 15K citations!
» “Hudson” pairwise estimator (2013) tweaks WC

» BayeScan (2008) — 1.2K citations
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Existing approaches

1. Fst estimation
» For independent subpopulations only!
» Weir-Cockerham (WC) estimator (1984) — 15K citations!
» “Hudson” pairwise estimator (2013) tweaks WC
» BayeScan (2008) — 1.2K citations

2. Kinship estimation
» “Standard” kinship estimator (1950s)
> Used by most genetic association approaches that control for population
structure (PCA, LMM, adj. x?; top paper 6K citations)
> GCTA heritability estimation (2 papers: 4K citations)
» Our novel finding: accuracy requires unstructured population
(a minority of closely-related individuals)

10/ 40



Theoretical results: new kinship estimator!
x;j € {0,1,2} : Genotype at locus i of individual j.
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Theoretical results: new kinship estimator!
x;j € {0,1,2} : Genotype at locus i of individual j. Model:

E[X,'j] = 2p,~, COV(XU, X,'k) = 4p,- (]. — p;) Spjk-
Standard estimator is biased:
n > (x5 —2p;) (xi — 2p7) - _
L1 U= as. Wk — P — Pk + @
pi_%zxijv gpjk - mA R =00 1_@ .
J=1 4% pi(1—pi)
i=1
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Theoretical results: new kinship estimator!
x;j € {0,1,2} : Genotype at locus i of individual j. Model:

Elxj] = 2pi,  Covlxy, xi) = 4pi (1 — pi) pju-
Standard estimator is biased:

n xij — 2p;) (X — 2p; o
A.:izx,, Agtd:i—zl(J ) G ) as. Wik =P — Pk + ¢
pl 2n . 1y Spjk m ~ R o0 1_ gb .

=1 4% pi(1—p)
i=1
popkin: first unbiased kinship estimator! — R package on CRAN
1 m
Ay = — xi;— D)(x — 1) — 1, Amin = Min —————
Anew A'k a.s.
ijke =1- ’ Pk

Amin m—o0
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Dataset: Human Origins

Subpopulations

SAfrica
MAfrica %

NAfrica > <
MiddleEast o
Europe

Caucasus :‘.
SAsia .
NAsia

EAsia

Americas

Oceania

BEEDO0OO0OODOO

2,922 indivs. from 244 locs. — 593,124 loci — SNP chip
Lazaridis et al. (2014), (2016); Skoglund et al. (2016)
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SAfrica

MiddleEast NAfrica MAfrica

SAfrica

MAfrica NAfrica MiddleEast

Europe

Caucasus ~ SAsia

Nasia

EAsia

Americas  Oceania

Kinship

Our new kinship
estimates

Genotypes from “Human Origins”
(Lazaridis et al. 2014, 2016;
Skoglund et al. 2016)

Edited from Ephert [CC BY-SA 3.0], via
Wikimedia Commons

*Inbreeding coeffs. on diagonal
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MiddleEast NAfrica MAfrica

015

Europe

Kinship

Individuals

Shsia  Caucasus

NAsia

-0.05

EAsia

Americas

Oceania

Standard kinship
estimates

Genotypes from “Human Origins”
(Lazaridis et al. 2014, 2016;
Skoglund et al. 2016)

Edited from Ephert [CC BY-SA 3.0], via
Wikimedia Commons
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Only our new estimator is accurate in simulations

A True Kinship B New estimate C Standard est.

0.2

Individuals
0.1
Kinship

. - all”
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Population-level inbreeding increases with distance
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Differentiation (Fst) previously underestimated

Fgsr estimates Subpopulations

+ BayeScan SAfrica
= = Weir-Cockerham MAfrica
+ = HudsonK NAfrica
MiddleEast
Europe

—_—
—_—
=
—
—
—— Caucasus
—
—
[
—_—
—

40

SAsia
NAsia
EAsia
Americas
Oceania

Density
2|0

0.0 0.1 0.2 0.3 0.4 0.5

Inbreeding Coefficient
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Only our new method estimates generalized Fst accurately

A Ind. Subpops. B Admixture

o
H———= E ] -
Q o - — True Fst
~indep ;-
@®© Far " limit
E - ¥ Estimates
n w0 -
v O -
|_
n © £ c £ c
LL S x g 7p S x g
tE 3 5e 55 2 5e
LL a2 9 22 LY 92 9 2¢%
28 28 >822 3 38 8 > 82 2
o (@] > T = .= [} o > 3] — .= ()
S SO omh¥ z SO I o b zZ
o

Fst estimator
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Recently-admixed populations

Chromosome number

African-Americans

=S A 20NN EWN =

-
BWN=O

15

16 I  Inferred ancestry
17 I .

18 I— e African

19 I

20 == European
21 I .
22 «=» NativeAm

Baharian et al. (2016)

PC2

0.02 0.04 0.06

0.00

=0.04 -0.02

-0.06

Hispanics
1 = MEX ' ® NativeAm
e COL ] ® European
b rd ® African
+ CUB S ‘ef.i,_
- o DOM (] ~' ] S
LY (]
« PUR :.' o s h
- o HAI b ¥
s <,
i o
L]
a
B o
A u]
T T T
=0.05 0.00 0.05

PC1

Moreno-Estrada et al. (2013)
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Admixed siblings from different subpopulations?

Lucy and Maria, UK
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Admixed siblings from different subpopulations?

e

Luc and Maria, U’

g

Ochoa brothers, MX

20/ 40



Admixed siblings from different subpopulations?

High Admixture LD:

©CONOO A WN =
I I I |

o
1

17

18

19 B European

20 B Native American

B Sub-Saharan African

I
N
L

Moreno-Estrada et al. (2013)
Ochoa brothers, MX
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Admixed siblings from different subpopulations?

High Admixture LD:

14
2 4
3
4
5 -
6 - EE=TE—————————
7 4
8 -
9 -
10
1
12
13 -
14 - e
15 - ———
16 - C——
17 - e——
: 18 — EE—
. E 19 4 B European
¥ 1 20 B Native American
& 21 - E——— B Sub-Saharan African
e 22 - —

Moreno-Estrada et al. (2013)
Ochoa brothers, MX

Solution: treat every individual as their own subpopulation! )
20 /40



Dataset: 1000 Genomes Project (2013)

4 Subpopulations e o
O SAfrica
O Europe °
Re, (] SAs!a
O EAsia
a Amr

2,504 indivs. from 26 locs. — 20,417,698 loci (asc. in YRI) — WGS trios, etc.
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Kinship driven by
admixture in Hispanics

Our new kinship estimates

nsHip

01
Ki

Genotypes from the 1000 Genomes Project (2013)

Individuals

3

M
F‘opulalion

il

uals 22 /40
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Standard kinship
estimates

Hispanics in 1000 Genomes

Kinship

Genotypes from the 1000 Genomes Project (2013)

£
=
]
=1
K
=3
38
o
«
H
2

Ancestry frac.
AFR  AMR  EUR
Ancestry
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R popkin implementation: fast and low memory usage!
Estimator:

1 ¢ ~new Ajk

Ajk:;Z(Xﬁ_l)(ka—l)_lj Pk =1- AJ_ :

i=1
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R popkin implementation: fast and low memory usage!
Estimator:

1 ¢ ~new Ajk

Ajk:;Z(Xij_l)(ka—l)—lj Pk =1- AJ_ :

i=1

Fastest: matrix product (R vectorizes)

A:%(X—I)T(X—l)—l.
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R popkin implementation: fast and low memory usage!
Estimator:

1 ¢ ~new Ajk

Ajk:;Z(Xij_l)(ka—l)—lj Pk =1- AJ_ :

i=1

Fastest: matrix product (R vectorizes)

A:%(X—I)T(X—l)—l.

Problem: R consumes too much memory.
Solution:
» Compute mA in parts (it's a running sum), max memory is controlled

» Further problems: missing genotypes, excessive matrix copying
(solved using RcppEigen)

24 /40



Comparison of population structures in simulation

Indep. Subpops Admixture
ﬁb LN \ \\ )
¥ v_ PRI Ny \\\,r" NA
A A o A,

Individuals

0.2

0.1
Kinship
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Fst in the independent subpopulation model
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Fst in the independent subpopulation model

°

° >
o : S
0 3
° (o) (o] o U
. 6 @
o ® Y
° o Q
() X o O m Q
5 o <
(6} [ ) °
[llustration. s
Var (p?)
For = —0 )
pi (1 — pi)

Here Fst relates to proportion of variance explained by pop. structure
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Wright's Fgt

T = Total, S = Subpopulation, I = Individual.

1
Total inbreeding: Fir = E Z f;,
JjES
Local inbreeding: Fis = 1 Z i
' Sl <=7
JjES
Fr — F
Structural inbreeding: Fst = ares
1—Fs

(1-FAr)=(01—-Fs)(1—FsT)
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Our generalized Fst

Need new “local” subpopulations L; (separates total from local inbreeding):

1-f)=(1-£)1-£).
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Our generalized Fst

Need new “local” subpopulations L; (separates total from local inbreeding):

-5 =(-5")0-%)

Generalized Fst: applicable to arbitrary population structures, equals previous
definition for subpopulations:

n
Fst = E w;fL,.
Jj=1
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Our generalized Fst

Need new “local” subpopulations L; (separates total from local inbreeding):

-5 =(-5")0-%)

Generalized Fst: applicable to arbitrary population structures, equals previous
definition for subpopulations:

n
Fst = E w;fL,.
Jj=1

Mean heterozygosity in a structured population:

_ 1 <
Hf:;Zpr(xil':1):2pi(1_pi)(1_FST)'

J=1

28 /40



Fst measures population structure / differentiation
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Median diff. SNP in Human Origins (rs2650044; given MAF > 10%).
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Fst measures population structure / differentiation
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Median diff. SNP in Human Origins (rs2650044; given MAF > 10%).

ASV¥C ~ 0.0961 using Weir-Cockerham estimator and K = 244.

29 /40



Comparison of population structures in simulation

Indep. Subpops Admixture
ﬁb LN \ \\ )
¥ v_ PRI Ny \\\,r" NA
A A o A,

Individuals

0.2

0.1
Kinship
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Our admixture

simulation (R package bnpsd on CRAN)

A Intermediate subpop. diff.
-
+ j = .
B Intermediate subpop. spread
2
S o
o
C Admixture proportions

ancestry

D Discrete subpop. approx.

J il I N W .

position in 1D geography

ancestry

31/40



Kinship model for genotypes

Statistical model:

symbol meaning

i locus index E[x;| T] = 2pi
J,k  individual indexes Ty _, o _
pi ref allele frequency Var(|T) = 2pi (1 = pi) (1 + ).
x;  genotype (num ref alleles) Cov(xij x| T) = 4pi (1 = pi) i,
oy kinship of j, k , 14

f; inbreeding of j LA

(Wright 1921, 1951; Malécot 1948; Jacquard 1970).
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Problem: common estimators not consistent under structure

Estimate of ancestral allele frequency:
1 n
pi=7 > wixg
=1

Variance asymptotically > 0 under population structure:

Var (p;) = pi (1 — pi) ¢
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Problem: common estimators not consistent under structure

Estimate of ancestral allele frequency:
1 n
pi=7 > wixg
j=1
Variance asymptotically > 0 under population structure:

Var (p;) = pi (1 — pi) ¢

(For indep. individuals: ¢ = --.
= Neff &~ 6 indep. haplotypes in Human Origins!)
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Problem: common estimators not consistent under structure

Estimate of ancestral allele frequency:

RN
Pi=35 Z WjXij
j=1
Variance asymptotically > 0 under population structure:

Var (p;) = pi (1 — pi) ¢

(For indep. individuals: ¢ = --.
= Neff &~ 6 indep. haplotypes in Human Origins!)

Naive estimators that use p; (next) are not consistent!

33/40



Bias in standard kinship estimator

(Xij - 2l3i) (Xik - 213/)

|
It

1
) ﬁi:§ZWinj-

4% pi(1—p) =1
i=1
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Bias in standard kinship estimator

(Xij - 2l3i) (Xik - 213/)

n

|
It

4% pi(1—p) =1
i=1

astd as.  Pjk — @j — Okt @

m—>oo, 1— 95

1
) ﬁi:§ZWinj-
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Bias in standard kinship estimator

m

> (x5 — 2p;) (xik — 25) 1

~std i=1 A~

o =" o h=3) W
4% bi(1—pi) j=1

i=1
Bias varies by j, k: L ~
astd as.  Pjk — Yj — Pk + @
Spjk N ’ 1—05 :
m—00 gp
A True Kinship B New estimate CStandard estimate D Limit of standard

Individuals

0.2

0.1
Kinship

34 /40



Our new estimator (R package popkin on CRAN)

Step 1: estimates kinship scaled by nuisance v (function of all p;)

m

A= 305 Diw— 1)~ 1, EA] = (s~ v

i=1
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Our new estimator (R package popkin on CRAN)

Step 1: estimates kinship scaled by nuisance v (function of all p;)

m

1
A = m ;(ij —1)(xu —1) =1, E[Ai] = (pjx — 1)v
Step 2: Estimate minimum, unbias “step 1" estimates

Ajk a.s.

If E[Amin] = —V, then @Jr.\:w =1- Pk

Amin m—0o0
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Our new estimator (R package popkin on CRAN)

Step 1: estimates kinship scaled by nuisance v (function of all p;)

m

Ajk = %Z(ij D0k —1) =1, E[Ak] =(ox — v

i=1
Step 2: Estimate minimum, unbias “step 1" estimates

/bk a.s.

Amin m—0o0

It E[Amin] = —v, then Px"=1-

o)

Pijk-

Practical estimator: average within most extreme subpopulations

A = i ] 22 2

JESL kES,
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Our new estimator (R package popkin on CRAN)

Step 1: estimates kinship scaled by nuisance v (function of all p;)

m

Ajk = %Z(ij D0k —1) =1, E[Ak] =(ox — v

i=1
Step 2: Estimate minimum, unbias “step 1" estimates

/bk a.s.

Amin m—0o0

It E[Amin] = —v, then Px"=1-

o)

Practical estimator: average within most extreme subpopulations

Ao = T 5T 0 A

JESL kES,

This yields consistent ﬁ"e‘” F”e"v estimators!

Pijk-

35 /40



Performance of new estimator

A True Kinship B New estimate C Standard estimate D Limit of standard
N
1] oS
S 2
=] =
E s g
< X

. . i
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Bias in FsT estimators for independent subpopulations
Previous estimator for n subpopulations, simplified for known AFs (7;):

m
o7
~indep i=1
FST — m )
A A 142
_lei (1—pi) + +6;
=
n n
P 1 . A2 ]- ( L A')2
pl_n Tij, Ui_n_l Tj Pi) -
j=1 j=1

37/40



Bias in FsT estimators for independent subpopulations
Previous estimator for n subpopulations, simplified for known AFs (7;):

IMs
SH
N

~indep
FST -

Y

S hi(1—p;)+ 162
=1

n

n
.1 A2
- - E T g; E 7TI I
n 4 Iy i 1 ij
J=1

Jj=1

Estimator is biased in dependent subpopulations:

Flndep a.s. N FST - ﬁ (rze_ — FST) |
T 1 (nf — Fst)

37/40



Only our new method estimates generalized Fst accurately

A Ind. Subpops. B Admixture

o
H———= E ] -
Q o - — True Fst
~indep ;-
@®© Far " limit
E - ¥ Estimates
n w0 -
v O -
|_
n © £ c £ c
LL S x g 7p S x g
tE 3 5e 55 2 5e
LL a2 9 22 LY 92 9 2¢%
28 28 >822 3 38 8 > 82 2
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Fst estimator
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The future: improved kinship has repercussions across genetics!

Accurate and " . . Association
efficient estimation, s aead studies,
Ancestry Il Selection tests

Heritability of
complex traits

Animal and plant
© breeding
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Method-of-moments derivation of new estimator (1/3)

Compute raw moments:

E[X’J] - 2pi7
E[X,'J'X,'k] = E[X,J] E[X,'k] + COV(X,‘jX,‘k)
= 4p7 +4p; (1 — p;) o
For symmetry, raw moments of 2 — x;; (counting other allele):
E[2 = xj] =2(1 = pi),
E[(2 = x)(2 — xi)] = 4 (1 — p)” +4pi (1 — pi) o3

Resist the temptation to solve for p;!

1/5



Method-of-moments derivation of new estimator (2/3)

E[Xinik] = 4P;2 +4p; (1 — p;) Pjk>
E[(2 - x)(2 = xi)] = 4 (1 — pi)* + 4p; (1 = p;) 2.

Let's average second moments. First note:

5 G (2= )2 = x) = (1 =) (L= i) + 1,
%(p,?+(1_Pi)2> :%_Pi(l_l)i)-

Therefore, the symmetric estimator is

EI1—x) (L= xi) +1] =24 4p; (1 = pi) (0 = 1) =
EI(1 —x;)(1 = xi) — 1] = 4pi (1 — pi) (0 — 1)

2/5



Method-of-moments derivation of new estimator (3/3)

EI(L—)(L— i) — 1 = 4pi (1 = p1) (23— ).
Average across loci to reduce variance

1 m
Ajk = — Z(X,‘j — 1)(X,'k — l) — ].,

m <
i=1

EfAik] = (pi — 1) v,
4 m
= — i 1-— i) -
v=— ;p (1-p)
A good estimate of the minimum value yields yj:

A' 3
If E[Awn]=—v, then @iv=1--F< 22,
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Derivation of kinship model

Here treat x;;, xix € {0,1} as haplotypes. Joint distribution:

Independent Full IBD Partial IBD

Pr(xj = 1,xux = 1) p; pi (L — ) P7 + wiupi

Prixj = 1,xx =0) pi(l—p)* 0 (L= i) pi (1= pr)’

Prixj =0,xx =1) pi(l-p)* O (L= i) pi (1= p)’

Prip =04 =0) (1-p)° 1—p  (1—gp)(1—p) +ei(l—p)

Kinship model: mixture of (Independent, Full IBD), weights (1 — ¢k, ©jx)-
This follows:

E[Xij] = E[ka] = Pi, COV(Xijaxik) = pi (1 - Pi) Pk
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Admixture models

qju: ancestry proportion
p,.s“: AF in subpopulation S,
fgui FST O'F Su

Draw alleles from a mixture of populations:

K
Sy
Tjj = E P; qju-
u=1

If subpopulations are independent,

K n K
O = D Gulhufs,: For =) wd.fs,
u=1

Jj=1 u=1
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